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Abstract
We consider the vortex state solution for a rotating cloud of trapped, Bose
Einstein - condensed alkali atoms and study finite temperature effects. We
find that thermally excited vortex waves can distort the vortex state signif-
icantly, even at the very low temperatures relevant to the experiments.
PACS numbers 0.35 Fi, 5.30 Jp, 32.80 Pj
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Recent experiments [1,2,3] have demonstrated the existence of Bose -
Einstein condensation [4,5,6] in clouds of trapped alkali atoms and gener-
ated great theoretical interest [7,8]. To understand the superfluid aspects
of these new systems it is natural to study what happens when the clouds
are rotated [9]. The existence of quantised vortex lines in rotating clouds
has not been experimentally established yet. Nevertheless a vortex state
solution of the governing Gross - Pitaevskij equation has been found al-
ready by Dalfovo and Stringari [10]. They solved the equation for systems
of N ≈ 104 atoms at temperature T = 0 flowing with quantised circulation
around a vortex line set on the z axis of rotation of the cloud. They also ar-
gued that the new solution is relevant to the stability [11] of trapped clouds
of atoms which have negative scattering length, such as 7Li [3]. Dalfovo
and Stringari’s work has extended to new systems the study of quantised
vorticity, until now restricted to superfluid helium and neutron stars [12], a
development which is important as new non - destructive detection methods
are invented [13].
The aim of this brief report is to estimate some finite temperature
corrections. We find that the vortex state calculated at T = 0 by Dalfovo
and Stringari can be rather distorted at small but finite T by sinusoidal
displacements of the vortex core away from the axis of rotation. These
displacements, called vortex waves [14,15], are excited thermally. The effect
is at first surprising, given the very low temperatures at which clouds of
trapped Bose Einstein - condensed atoms are produced, about 10−7K only.
Let us consider a cloud of size L = 2Rc of trapped, Bose Einstein -
condensed atoms at temperature T . The cloud rotates about the z axis at
angular velocity Ω ≥ Ωcrit, where the critical velocity Ωcrit for the appear-
ance of the first vortex line is typically of the order of few Hertz [6,10]. The
vortex line is located on the z axis in its unperturbed state at T = 0. Let us
assume that at temperature T > 0 the vortex core is displaced away from
the axis of rotation by the amount
η(z, t) = A cos (ωt) cos (kz), (1)
where λ, k = 2π/λ, ω and A are respectively the wavelength, the wavenum-
ber, the angular frequency and the amplitude of the wave. In the first
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approximation we assume that the cloud is large enough that we can ne-
glect size effects [16] on the dispersion relation ω = ω(k) of the wave. We
have then ω = Γk2L/4π [12], where Γ = h/m is the quantum of circulation,
h is Plank’s constant, m is the mass, L ≈ ln (2/kacore) and acore is the
vortex core parameter. To determine the amplitude of a vortex wave of
wavenumber k we note that it is a linear perturbation of the vortex state
solution of the Gross - Pitaevskij equation [17], in the same way as phonons
are perturbations of the uniform solution. Assuming that vortex waves are
quantized like harmonic oscillators, the energy E of the wave of wavenum-
ber k at temperature T is equal to the energy h¯ω times the mean number
1/[exp (βh¯ω)−1] of excitations in that state k. There are two contributions
to E : the kinetic energy E1 of the fluid rotating around the core and the
potential energy E2 due to the increase δℓ of the vortex’ length from the
unperturbed to the pertuebed state. We have
h¯ω
eβh¯ω − 1
= E1 + E2, (1)
where β = 1/KBT and KB is Boltzmann’s constant. The kinetic energy is
obtained from averaging the energy density ρeffπa
2
coreη˙
2/2 over the period
2π/ω of oscillation and the dimension of the system, where ρeff = ρ/2 is
the hydrodynamic mass and acore is the size of the vortex core:
E1 =
π
8
a2coreρeffA
2ω2L, (2)
The potential energy is E2 = ǫδℓ where ǫ is the energy of the vortex motion
per unit length in the z direction, ℓ = L is the length of the unperturbed
vortex and ℓ′ =
∫ L
0
dz
√
1 +A2k2 cos2 (kz) is the length of the vortex in the
presence of waves. To obtain ǫ we integrate ρv2/2 around the vortex line,
where v = Γ/2πr is found from the quantization of circulation. We obtain
E2 = δℓ
ρΓ2
4π
ln (Rc/acore), (2)
The largest amplitudes arise from the smallest wavenumbers, so we assume
λ ≈ L = 2Rc. In the limit Ak << 1 we can Taylor expand the integrand
for ℓ′. We also note that typically βh¯ω << 1, and, neglecting a term
proportional to a2core/R
2
c << 1, we conclude that
3
A ≈
√
32KBTRc
πρΓ2ln(Rc/acore)
, (4)
We apply equation (4) to the 87Rb experiments of Ref. 1 and the discussion
of Dalfovo and Stringari [10]. The quantum of circulation is Γ = 4.4 ×
10−5 cm2/sec. The average density of atoms in typical clouds is estimated
to be in the range from n ≈ 1012 to 1013 cm−3 which corresponds to ρ ≈
10−10 to 10−9 g/cm3. The vortex core parameter enters equation (4) only
via a slow logaritmic term. From the calculation of Dalfovo and Stringari
for a small cloud of N = 5, 000 atoms (their figure 4b) we infer that acore,
which we define for convenience as the distance from the axis over which
the computed condensate’s wave function recovers half of its peak value,
is acore ≈ 0.2a⊥ ≈ 0.24 × 10
−4 cm where a⊥ ≈ 1.2 × 10
−4 cm is the
oscillator’s characteristic length. At T = 10−7 K and Rc ≈ 5 × 10
−4 cm
[6,10] we find that A ranges from 0.33 × 10−3 to 0.11 × 10−3 cm. This
amplitude is not a negligible distortion of the vortex state: it represents a
displacement of the vortex line of a distance from 4 to 14 times the size of the
core. At larger values of Rc we expect size effects to become less important
for which equation (4) becomes a better estimate of A. For example at
Rc ≈ 10
−3 cm the displacements are 6 to 20 times larger than acore. It is
instructive to compare this result with the case of a vortex line in superfluid
4He. In 4He the vortex waves are negligible. Using ρ = 0.145 g/cm3 and
acore ≈ 10
−8 cm [18] and the same Rc = 5 × 10
−3 cm and T = 10−7 K
used before, we find A ≈ 0.2 × 10−9 cm, a displacement which is only two
hundredths of helium’s vortex core size.
Finally we compare the thermally induced displacements of the core
with the amplitude of the zero - point motion of the vortex line, A0 ≈
0.5
√
2h¯/ρΓacore [19]. Using the two values of ρ mentioned above we find
that A0/acore ranges from 1 to 3, which is less than the ratio A/acore for
the thermal displacements. For vortex lines in 4He one has A0/acore = 2.
We conclude that long wavelength thermal waves can affect the vortex
state even at the very low temperatures relevant to the experiments.
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